We consider a special class of solutions of the BKP hierarchy which we call τ -functions of hypergeometric type. These are series in Schur Q-functions over partitions, with coefficients parameterised by a function of one variable ξ, where the quantities ξ(k), k ∈ Z + , are integrals of motion of the BKP hierarchy. We show that this solution is, at the same time, a infinite soliton solution of a dual BKP hierarchy, where the variables ξ(k) are now related to BKP higher times. In particular, rational solutions of the BKP hierarchy are related to (finite) multi-soliton solution of the dual BKP hierarchy. The momenta of the solitons are given by the parts of partitions in the Schur Q-function expansion of the τ -function of hypergeometric type. We also show that the KdV and the NLS soliton τ -functions coinside the BKP τ -functions of hypergeometric type, evaluated at special point of BKP higher time; the variables ξ (which are BKP integrals of motions) being related to KdV and NLS higher times.
Introduction
The BKP hierarchy was introduced in [1, 2] as a particular reduction of the KP hierarchy of integrable equations [1, 7] . Like the well-known KP hierarchy, the BKP hierarchy possesses multi-soliton and rational solutions. In [3, 4] , the role of projective Schur functions (Q-functions) [6] in obtaining rational solutions of the BKP hierarchy was explained. In fact, the Q-functions are polynomial τ -function solutions of the BKP hierarchy Hirota equations and these are connected to the rational solutions through a change of dependent variables.
In [9] , certain hypergeometric series in Q-functions (see (85) below) were shown to be τ -functions of the BKP hierarchy. These τ -functions are series of the form
where ξ = {ξ m : m = 1, 2, . . . } are arbitrary parameters, ξ 0 = 0, Q λ denote projective Schur function, and the sum is over the set DP of all partitions λ = (λ 1 , λ 2 , . . . , λ k ) with distinct parts λ 1 > λ 2 > · · · > λ k ≥ 0. Considered as a function of the variables t o = (t 1 , t 3 , . . . ), series (1) is a BKP τ -function, where the set t o are higher BKP times. The second set of parameters t Remark 1. Consider a set S, which consists of distinct non-negative integers and includes zero. By DP S we denote the subset of all strict partitions whose parts belong to the set S. By the limiting procedure: e ξ k → 0 iff k does not belong to the set S, we can restrict the sum in (1) to the set DP S . If S is a finite set, then (1) is a polynomial in t o which describes a rational solution of the BKP hierarchy.
The typical choice of the BKP higher times is the following: 
and, when they appear as higher times in dual equations will be marked with a tilde. Special cases of these, t ∞ and t o (q), will be defined in (80) and (81) below.
KP and BKP τ -functions
In this section we will summarise the essential facts about τ -functions for the KP and BKP hierarchies as given in [1] . The definitions of terms related to symmetric functions may be found in [6] .
Schur functions as KP τ -functions
Let A be the complex Clifford algebra generated by the charged free fermions ψ i , ψ * i , where i ∈ Z with anticommutation relations
Consider also the generators
The vacuum expectation value is a linear functional : A → C. For linear and quadratic elements in A it is defined by ψ i = ψ * i = ψ i ψ j = ψ * i ψ * j = 0 and
For an arbitrary product of linear terms in A, Wick's Theorem gives
where w k are linear terms in A, and σ runs over permutations such that σ(1) < σ(2), . . . , σ(2n − 1) < σ(2n), and σ(1) < σ(3) < · · · < σ(2n − 1). The connection between the anticommutation relations and the vacuum expectation value is that [w 1 , w 2 ] + = w 1 w 2 + w 2 w 1 .
For free fermion generators with |p| = |q|,
and for higher degree products, Wick's Theorem gives
Time evolution enters A via the hamiltonian
where
For any a ∈ A, we define
and it may be shown that
where ξ(p, t) = ∞ k=1 p k t k . Consider g ∈ A, which solves the following bilinear equation
where the notation [, ] stands for the commutator, and ⊗ is the tensor product. Then, one has a τ -function
The simplest type of τ -functions correspond to multi-soliton solution of the KP hierarchy. Taking
Later, we will also need the soliton solution of the two-dimensional Toda lattice equation (TL) [32] , which is described by almost the same formula
and
which is usually omitted from the definition of the TL τ -function [32] since the transformation to nonlinear variables removes it from the TL solution. We will also neglect this term for the same reason. It is wellknown [32] , that any TL τ -function is a τ -function of the pair of KP hierarchies with higher times respectively t and t * . There exists a reduction to the one-dimensional TL, which yields also a reduction to the nonlinear Schrödinger equation. This reduction is described by the demand that the τ -function of the two-dimensional TL (up to the irrelevant factor (21)) depends only on t + t * . It is provided by the condition q i = p −1 i in (19) and we will use it in what follows. We shall also use the reduction to KdV, namely the choice q i = −p i in (17) . The KdV τ -function depends only on the odd index KP higher times, that is, on the sequence t o .
Polynomial τ -functions are obtained by considering expansions in the parameters p i and q j . First, elementary Schur polynomials s i (t) are defined by
Since
we have the orthogonality condition
For all non-negative integers we can define
This is the Schur function for the partition (a + 1, b j ), which is written using Frobenius notation as (a|b). This result is easily proved using the Jacobi-Trudi identity. For any partition function written in Frobenius notation,
Using this notation, (14) gives
Consequently,
Hence we see that
that is that s (a|b) is the KP τ -function for g = (−1) b+1 ψ a ψ * −b−1 . More generally, this shows that an arbitrary Schur function s (a1···an|b1···bn) , is a KP τ -function for
Q-functions as BKP τ -functions
The subalgebra of A invariant under the symmetry
is used in a similar way to determine BKP τ -functions. There are two bases of neutral free fermions
where i ∈ Z, each of which generates this subalgebra.
Using the results for charged free fermions, the anticommutation relations are
and, in particular,
Similarly, the vacuum expectation values of quadratic elements are given by
and Wick's Theorem is used for arbitrary degree products. The neutral free fermion generator is defined by
The connection between the charged and neutral free fermions can be expressed in terms of the generators as
In the BKP reduction, even times are set equal to zero and we define t o = (t 1 , 0, t 3 , 0, t 5 , . . . ), and the hamiltonian
For the fermion generating function one has
Note also that
Similar to the KP case, BKP τ -functions are defined by
where h is the Clifford algebra of the neutral free fermions φ i . The n-soliton τ -function is obtained by the choice g = exp
The Schur q polynomials are defined by
Thus
We have
for all n > 0 we have
This is trivial if n is odd and if n = 2m is even then it gives
We can also define
If follows from the orthogonality condition (46) that
and in particular, q a,a (t o ) = 0. Comparing (44) and (48), it is clear that
Now consider λ = (λ 1 , λ 2 , . . . , λ 2n ) where
Note that this is a partition with an extra trivial part 0 included if necessary to ensure that the number of parts is even. The set of such strict, or distinct part, partitions is denoted DP. For λ ∈ DP we define
This is the Schur Q-function. By Wick's theorem,
Hypergeometric τ -functions
These τ -functions were introduced by one of the authors in the KP case [8] and the BKP case [9] . In the KP case, let r be a function of one variable and for any partition λ, let r λ (x) = (i,j)∈λ r(x − i + j), the product being over all vertices in the Young diagram. Then
With these definitions,
is the BKP hypergeometric τ -function. By Remark 1 one can restrict sum (53) to the sum which ranges over DP S . It can be show that this is a τ -function since
3 Main results
KP infinite soliton solution
Let
Then
denotes the 2 × 2 minor of the infinite matrix (a ij ) containing the ith and jth rows and the kth and lth columns. If a i,j = s (i|j) (t * ) then the coefficients can be written as
for all partitions λ.
KdV soliton solution
The KdV reduction of the KP soliton solution (17),
gives
Remark 2. We note that the fractional linear transformation of the (complex) plane of spectral param-
leaves invariant the factors
It is easy to see that there are two distinct types of invariance; a = d = 0, b, c = 0 and a, d = 0, b = c = 0.
NLS and one-dimensional Toda lattice soliton τ -function
Let us consider the reduction of the TL soliton τ -function (19) to the one-dimensional Toda lattice (1DTL) reduction, which is q i = p
i , see [32] . If, in addition, |p i | = 1, then, it is also a reduction to the nonlinear Schrödinger equation (NLS). For the multi-soliton tau function we have
where t = (t 1 , t 2 , t 3 , . . . ), t * = (t * 1 , t * 2 , t * 3 , . . . ), and
For the nonlinear Schrödinger equation the n-dependence of the τ -function is irrelevant. Remark 3. Here, the fractional linear transformations
where a and b are not both zero, leave invariant the factors
BKP infinite soliton solution
Now writing q i = −p i and choosing skew-symmetric matrix entries a ji = −a ij in (55) gives
By (36) this may be rewritten as
Since [φ i ,φ j ] + = 0, [φ i φ k ,φ jφl ] = 0 and so we can factorize as g = hĥ where
Then, we have
denotes the pfaffian minor of the infinite skew-symmetric matrix (a ij ) containing the ith, jth, kth and lth lines. Using (40) gives
If a i,j = q i,j ( 1 2 t * o ) then the coefficients can be written as
for all partitions λ into distinct parts.
Remark 4. The factors
in (72), are invariant under the transformation
where a, b, c, d are any complex numbers such that
is not zero or infinity.
Remark 5. Although the free fermion generator is not defined if its parameter is 0, i.e. φ(0) does not make sense, the limit
as given by (35), is well defined.
Useful Lemma
Let us introduce the following notation:
Remark 6. Let us notice that t ∞ can be viewed as given by (2), where we take
and N → ∞. Similarly, t o (q) is given by (2), where
as := log q → 0. In that sense (80) may be considered as a limit of (81) as q → 1.
Hypergeometric functions related to the projective Schur functions
We consider hypergeometric τ -functions (1), where we specialize the variable t * o respectively by (80) and (81):
are respectively so-called product-of-shifted-hook-length [6] , which generalize the notion of the factorial for strict partitions and its q-analog (shifted hook polynomial). We took into account Remark 1, to restrict sums over all strict partitions to the subset DP S . In the case that DP S is the set of all strict partitions, namely, DP, the series (85) and (86) may be considered as multi-variable generalization of hypergeometric function (respectively, basic hypergeometric function), which we obtain when ℓ(λ) = 1 and t o is of form (2) where N 1 = 1.
The notation Q(x (N ) ) below will be used for Q( 
Then tau function (85) defines the following hypergeometric function
which generalizes the hypergeometric function of one variable
The function (89) was introduced in [9] . Here we introduce the q-deformed version of (89). If in (86) we choose
tau function (86) defines the hypergeometric function
which generalizes the basic hypergeometric function of one variable
Hypergeometric functions (89) and (92) may be also considered as multisoliton tau functions, see next subsection.
Soliton solutions and rational solutions
Let us recall, that in Remark 1 the set of the partitions DP S was defined via a set of distinct non-negative integers S which includes zero. Theorem 1. Let τ (t o , ξ, t ∞ ) be defined by (85), and τ sol (t,t * ) be defined by (72), where
(in particular, one can take integer momentum p m = m), with any a, b, c, d such that
is not zero or infinity, and
Let for a given set of the numbers p m , m ∈ S, the variablest,t * are related to the variables ξ as
Then we have
Proof. Let us compare (85) and (72). First replace t o witht o in (72). Then a typical term on the right hand side is
where 0 ≤ n 1 < n 2 < · · · < n k and k is even. We can set ξ(p k ,t o ) = ξ k , choose the parameters p k = k and the pfaffian elements to be (for i < j)
so that
where λ is the partition into distinct parts (n k , n k−1 , . . . , n 1 ). Thus the typical term may be written as
for any partition into distinct parts. The partitions into an odd number of distinct parts come from those terms for which n 1 = 0. The extra factors of 2 in the pfaffian element in (100) and (101) 
The hypergeometric function (89), where x 1 = x 2 = · · · = N −1 and N → ∞, is an example of multi-soliton KdV tau function, evaluated at special values of timest o , , see (88), (105) and Remark 6. 
For the particular choice p m = m, m ∈ S, this is also NLS multi-soliton tau function.
The hypergeometric function (92), where x k = q k−1 , k = 1, 2, . . . and N → ∞, is an example of multisoliton 1DTL tau function evaluated at special values of timest +t * , see (91), (108) and Remark 6.
Remark 7. In case S is a finite set, the polynomial τ -function of type (85) (and (86)) is related to the soliton τ -function with a finite number of solitons.
Remark 8. We note that the higher times t o of the BKP hierarchy we started with are integrals of motion for (solitonic) τ -function (72) of the second BTL hierarchy. Simultaneously, the higher timesñ,t,t * play the role of integrals of motion for the original BKP hierarchy. We therefore call these hierarchies dual to each other.
Remark 9. An ∞-soliton solution with spectral parameters lying on a lattice appeared in [12] [13] [14] in a different way and in a different context. Other links between soliton and rational solutions of the KP hierarchy were found in [15] .
Discussion
An interesting problem is to study the asymptotic behaviour of hypergeometric τ -functions. We hope to apply methods of soliton theory to conduct this study. We note that the asymptotic behaviour of infinite soliton τ -functions, similar to those considered in the present paper, was studied in [13] .
We hope to apply the series (1) to certain problems.
(1) Let us consider an integral
where Γ is a integration domain in each (z k , z * k ) plane (k = 1, . . . , N ), and µ is a function such that
The series (1) (in the case that the sum ranges over partitions of length ℓ(λ) ≤ N ) yields the asymptotic expansion for the integral (110) [9] 
The restriction ℓ(λ) ≤ N makes the difference between the r.h.s. of (113) and τ (t o , ξ, t * o ). In the limit N → ∞ (which is typical for applications), the restriction ℓ(λ) ≤ N is irrelevant for the perturbation series related to (110), and therefore, this series coincides with (1) . Also, in the case that at least one of the sets t o , t * o has the form of
then by the bosonization formulae and Wick's Theorem we get that
Therefore, in this case, the integral I(N, t o , t * o ) is the BKP τ -function τ (t o , ξ, t * o ). It may be interesting to apply (1) to matrix models and to statistical models where partition functions reduce to integrals (110), see, for instance, [11] for examples of integrals similar to (110).
It is interesting to compare integrals (110) with supersymmetric matrix models [33] .
(2) The series (1) can be studied also in the context of random (strict) partitions. Random strict partitions were considered in [16] and, in particular, the "shifted" measure Q λ (x)Q λ (y) on (strict) partitions, were considered in [16] . In this paper, the series (1), where all ξ n = 0, and where λ 1 does not exceed a certain given number was studied.
Let us remark that the expression
(where H * λ is known to be related to the number of shifted tableau of the shape λ, see [17] , [6] ) in the case ξ n = 0, n = 0, 1, 2, . . .
may be considered as the analogue of the Plancherel measure [34] , while in the case e ξn = (z) n (1 − z) n , (z) n = Γ(z + n) Γ(z) , n = 0, 1, 2, . . .
as an analog of the so-called (z)-measure on random partitions (see [34] ).
(3) Finally, we note that KdV soliton solutions with integer momenta was first considered in [12] . Each KdV solution of this type yields a wave operator ∂ 
